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Abstract
If a curve contains a planar subcurve of degree r then its general hyperplane section contains
a subscheme of degree r spanning a line. Here we study to which extent the converse is true.
If r is small we describe counterexamples. However, we give an a5rmative answer if r is large
with respect to the degree of the curve. This result is achieved by studying curves which admit
an irreducible two-dimensional family of r-secants. We show that such curves are forced to
contain a planar subcurve of degree r unless they contain certain multiple lines. We describe
the exceptional curves and give examples of them. c© 2001 Elsevier Science B.V. All rights
reserved.
MSC: Primary 14H45; secondary 14H50
1. Introduction
It is a classical method to study curves using general hyperplane sections. For ex-
ample, this is exactly the strategy of the so-called Castelnuovo method for bounding
the genus of a curve. Of course, the basic problem of the method is to lift information
about the hyperplane section to the curve itself. In this paper we study a particular
case. Suppose that the general hyperplane section contains a (large) subscheme which
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is contained in a line. Does this force the existence of a planar subcurve having the
collinear subscheme as general hyperplane section?
The motivation for this question stems from the observation that the existence of
planar subcurves explains often interesting properties of the original curve. For exam-
ple, a non-degenerate space curve of degree d ≥ 5 has a Hartshorne–Rao module of
maximal length if and only if it contains a planar subcurve of degree d − 1 (cf. [2]
and [8]). This point of view will be pursued in a subsequent paper.
In this paper we attack the lifting problem above from the point of view of multise-
cants. Let C ⊂Pn be a curve (i.e. a pure 1-dimensional closed locally Cohen–Macaulay
subscheme) over the algebraically closed Keld k. Let L denote a general hyperplane
and let  :=C ∩ L be the general hyperplane section of C. If C contains a planar
subcurve C′ of degree r then there is a subscheme ′⊂ of degree r which is con-
tained on a line. Here we ask to which extent the converse is true. This is already an
interesting question in the special case when r = d where d denotes the degree of C.
Indeed, Hartshorne [5] has shown that then there is an a5rmative answer for space
curves, i.e., C must be in fact a planar curve, provided d ≥ 3 and the characteristic
of the ground Keld k is zero. Hartshorne also classiKed the exceptions which occur in
positive characteristic.
If r ¡d it is clear that we cannot hope that it is always possible to conclude the
existence of a planar subcurve C′⊂C of degree r. However, if we assume that the
general hyperplane section  contains a unique collinear subscheme ′ of degree r ≥ 3,
and no collinear subschemes of larger degree, then it is shown in [1] that this forces C
to admit a 2-dimensional irreducible family of r-secant lines. This is the starting point
for this paper. Our main result implies:
Theorem 1.1. Let C ⊂Pn; n ≥ 3; be a non-degenerate curve admitting an irreducible
2-dimensional family of r-secant lines of C such that r ≥ 3 and every general hyper-
plane contains a unique r-secant of the family. Then C contains a planar subcurve
of degree r; unless it contains one multiple line or a pair of skew multiple lines and
the general r-secant of the family meets these lines but no other components of C.
A more detailed description of the exceptional curves is given in Theorem 3.1 and
Proposition 3.6. In particular, it turns out that exceptional curves are non-reduced. We
also give examples that all the exceptional cases do really exist. However, if r is large
with respect to d, we can exclude the occurrence of the exceptional curves. We get
the following lifting result:
Theorem 1.2. Let C ⊂Pn be a non-degenerate curve of degree d. Suppose that char
k = 0 and that the general hyperplane section of C contains a subscheme of degree
r ≥ (d+3)=2 spanning a line; and contains no collinear subschemes of larger degree.
Then C contains a unique planar subcurve of degree r.
In the paper [1] we showed that the set of non-degenerate curves in Pn of degree
d and genus g with non-degenerate general hyperplane section contains curves whose
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components of the Hartshorne–Rao module have maximal dimension in every degree
among the curves of the set. We call these curves extremal curves. As a consequence
of the lifting result above we show that an extremal curve C ⊂Pn contains a planar
subcurve of degree d− n+ 2.
The paper is organized as follows. In Section 2, we introduce the concept of generic
embedding dimension of an irreducible subscheme. It turns out that it is the mini-
mal embedding dimension at a closed point of the given subscheme. Furthermore, the
generic embedding dimension of a non-reduced curve is at least 2. As preparation for
the subsequent sections, we study multiple lines of general embedding dimension 2.
Section 3 is devoted to the proof of our main result, Theorem 3.1. Moreover, we
describe examples of exceptional curves and show a stronger result provided that k=0.
In the Knal section, we give some applications. Here we prove Theorem 1.2. We also
prove a lemma which allows to apply Theorem 1.2 by looking at the Hilbert function
of the general hyperplane section of C.
2. Curves with small generic embedding dimension
We work over an algebraically closed Keld k of arbitrary characteristic, and we
denote by Pn the n-dimensional projective space over k.
By a curve we mean a pure one-dimensional closed subscheme C ⊆Pn (in particular,
C is locally Cohen–Macaulay).
If C ⊆Pn is a curve and ‘⊆Pn is a line, we say that ‘ is an r-secant of C if the
scheme-theoretic intersection C ∩ ‘ is a 0-dimensional scheme of degree r. A secant
line is an r-secant line, where r is some integer ≥ 2.
If Z ⊆Pn is any subscheme, we denote by 〈Z〉 the span of Z , namely the least linear
space containing Z as a subscheme.
We shall almost always consider only closed points of the schemes which occur. So
we write “point” instead of “closed point”, and we say explicitly when we consider a
possibly non-closed point.
We give now some deKnitions and basic results.
Denition 2.1. (i) If (A;m; K) is a local ring, the embedding dimension of A is the
integer emdim(A) := dimK (m=m2), i.e. the least number of generators of m.
(ii) If X is a scheme and x is a point of X , the embedding dimension of X at x is
the integer emdimx(X ) := emdim(OX;x). So emdimx(X ) is the dimension of the Zariski
tangent space of X at x.
(iii) If X is an irreducible (not necessarily reduced) scheme with generic point ,
the generic embedding dimension of X is the integer ged(X ) := emdim(X )+ dim(X ).
The following lemma gives a motivation for the deKnition of the generic embedding
dimension given above.
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Lemma 2.2. Let X be an irreducible algebraic k-scheme. Then;
(i) there is a non-empty open set U ⊆X such that ged(X ) = emdimx(X ) for all
closed points x ∈ U ;
(ii) ged(X ) = min{emdimx(X ); x ∈ X; x closed}.
Proof. If (A;m; K) is a local k-algebra such that K=k is separably generated, there is
an exact sequence of K-vector spaces
0→ m=m2 → A=k ⊗A K → K=k → 0
(see [4, p. 187, Example 8:1(a)]). Moreover, dimK (K=k) = t:d:(K=k) (see [4, p. 174,
Theorem 8:6A]), whence
(∗) emdim(A) = dimK (A=k ⊗A K)− t:d:(K=k):
Consider now the OX -module X=k . Since X is of Knite type over k, X=k is coherent,
whence there is a non-empty open set U ⊆X such that dim(y)(X=k ⊗OX; y (y)) has a
constant value a for all (not necessarily closed) y ∈ U . If y =  is the generic point
of X , by (∗) we have: emdim(X ) = emdimOX; = a − t:d:(()=k) = a − dim(X ). If
y = x ∈ U is a closed point, by (∗) we have emdimx(X ) = a and (i) follows.
Moreover, since X=k is coherent, the function dim(x)(X=k ⊗OX; x (x)); x ∈ X , is
upper-semicontinuous, whence (ii).
Remark 2.3. (i) Let C be an irreducible curve, L a general hyperplane and x ∈ L∩C:
then emdimx(C) = 1 + emdimx(L ∩ C).
(ii) Let C be a non-reduced irreducible curve, L a hyperplane not containing Cred
and suppose that there exists a point x ∈ L ∩ C such that emdimx(L ∩ C) = 1: then
ged(C) = 2. Indeed, we have emdimx(C) = 2 and ged(C) ≥ 2, being C non-reduced,
whence the conclusion follows by Lemma 2.2(ii).
Denition 2.4. Let C be an irreducible curve and x ∈ C a general point. The multi-
plicity of C, denoted by e(C), is the multiplicity ex(C) of C at x (i.e. the multiplicity
of the local ring OC;x).
Remark 2.5. Let C be an irreducible curve. Then
(i) by general facts on multiplicities it follows that if L is a general hyperplane and
x ∈ L ∩ C is a general point we have ex(C) = (OL∩C;x), where  denotes length,
hence deg(C) = e(C) deg(Cred);
(ii) moreover we have e(C) = (OC;), where  is the generic point of C (see [7,
Theorem (23:5)]).
We need the following lemma, whose easy proof is omitted.
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Lemma 2.6. Let Z ⊆Pn be a zero-dimensional scheme and let Z1 and Z2 be two
closed subschemes of Z . Then
deg(Z1 ∩ Z2) ≥ deg(Z1) + deg(Z2)− deg(Z)
and equality holds if and only if Z = Z1 ∪ Z2.
The following lemmas give some properties of multiple lines with generic embedding
dimension 2, which will be useful later on.
Lemma 2.7. Let C be a multiple line with ged(C) = 2. Then
(i) for each integer m with 1 ≤ m ≤ deg(C); there is a unique subcurve Cm⊆C of
degree m;
(ii) Cm⊆Cm′ if and only if m ≤ m′;
(iii) let L be a hyperplane not containing Cred with the following property: if x :
=L∩Cred ; then emdimx(C) = 2. Then Cm⊆Cm′ if and only if L∩Cm⊆L∩Cm′ ;
(iv) if L is as in (iii); then the map Cm → L ∩ Cm is a bijection between the set of
subcurves of C and the set of subschemes of L ∩ C.
Proof. If  is the generic point of C and A : =OC;, then A is an artinian local ring
with emdim(A) = 1 and (A) = deg(C) (see Remark 2.5). Therefore, the ideals of A
are totally ordered by inclusion and they correspond bijectively to the subcurves of C,
whence (i) and (ii). Moreover, L ∩ C is supported at one point and has embedding
dimension 1, hence its subschemes are totally ordered by their degrees, whence (iii)
and (iv) follow easily.
Lemma 2.8. Let C be a multiple line. Then ged(C) = 2 if and only if any general
hyperplane contains exactly one line ‘ which is secant to C.
Proof. Let L be a general hyperplane and let x :=L∩Cred. We may assume that x is the
origin in an a5ne chart with coordinates x1; : : : ; xn, and that L is the hyperplane xn=0.
Set A :=OPn; x; m :=mx =(x1; : : : ; xn)A,  :=L∩C and B :=O;x =A=a (for a suitable
ideal a ). We may assume that the maximal ideal Om :=m=a of B is minimally generated
by the images Ox1; : : : ; Oxs of x1; : : : ; xs. Put B′ :=B= Om2=A=a +m2. By Nakayama’s lemma
it follows that the maximal ideal mB′ of B′ is minimally generated by the images of
x1; : : : ; xs, whence emdim B′=emdim B= s. We may also assume, after a linear change
of coordinates, that xs+1; : : : ; xn ∈ a + m2, i.e. that (xs+1; : : : ; xn)B′ = (0).
Assume now that gedC=2. Since L is general it follows by Lemma 2.2 and Remark 2.3
that s= 1. Consider the line ‘ having equations x2 = x3 = · · ·= xn = 0.
We have ‘ ∩ C = ‘ ∩ , whence O‘∩C;x = B=(x2; : : : ; xn)B. It follows deg(‘ ∩ C) ≥
(B′=(x2; : : : ; xn)B′) = (B′)¿ 1, whence ‘ is a secant line to C.
Observe now that, being s = 1, the ideals of B are totally ordered by inclusion,
whence the subschemes of  are totally ordered by inclusion.
Thus, if ‘′ is a secant line such that x ∈ ‘′⊆L, we have either ‘′ ∩ ⊆ ‘ ∩ , or
‘ ∩ ⊆ ‘′ ∩ .
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Assume that ‘′ ∩⊆ ‘∩. Then ‘ and ‘′ contain ‘′ ∩ and since deg(‘′ ∩) ≥ 2
we have ‘ = ‘′. We get the same conclusion if ‘ ∩ ⊆ ‘′ ∩ .
Therefore, if s= 1 L contains a unique secant line, namely ‘.
Assume now that gedC = 1. Then applying again 2:2 and 2:3 we have s = 1.
If s= 0, then C is a reduced line and has no secants.
Assume s ≥ 2. Let ‘1; ‘2 be the lines having equations x1 = x3 = · · ·= xn = 0; x2 =
x3 = · · ·= xn = 0, respectively, and let ai⊆B be the corresponding ideals.
Since aiB′⊇ xiB′ = (0) we have (B=ai) ≥ (B′=aiB′)¿ 1 for i=1; 2 and this means
that ‘1; ‘2 are two diQerent secant lines with x ∈ ‘i⊆L.
The following theorem is a straightforward generalization to Pn of Hartshorne’s
Restriction Theorem (see [5]); it gives a criterion for a curve to be planar, in terms
of the “degeneracy” of its general hyperplane section.
Theorem 2.9. Let C ⊂Pn be a curve with collinear general hyperplane section and
deg(C) ≥ 3. Assume that either deg(Cred) ≥ 2; or char(k) = 0. Then C is planar.
Proof. After replacing Pn by 〈C〉 we may assume that C is non-degenerate, and we
have to show that n ≤ 2. By Hartshorne’s Restriction Theorem [5] we cannot have n=3.
We assume then that n¿ 3 and we show by induction that C is degenerate, getting a
contradiction. Let P ∈ Pn be a general point and let C′⊆Pn−1 be the curve obtained
by projecting C from P. Since ged(C)=2 (see Lemma 2.8), we have deg(C′)=deg(C),
thus the general hyperplane section of C′ is collinear. Moreover deg(Cred)=deg(C′red),
whence C′ is degenerate by induction. If L⊆Pn−1 is the hyperplane containing C′,
then 〈P; L〉 is a hyperplane of Pn containing C.
3. Main results
In this section we deal with curves having an irreducible 2-dimensional family of
r-secants (r ≥ 3) such that every general hyperplane contains exactly one such se-
cant. In Theorem 3.1, we completely describe such curves; in particular, we show that
they must contain a planar subcurve, unless they contain lines. A description of the
exceptional situations is given.
To complement the result of Theorem 3.1, in Proposition 3.6 we study the case of
multiple lines having generic embedding dimension 2, in characteristic zero.
Theorem 3.1. Let C ⊂Pn; n ≥ 3; be a non-degenerate curve and let X → T be an
irreducible 2-dimensional family of r-secant lines of C (r ≥ 3). Assume that for every
general hyperplane L⊆Pn there exists a unique t ∈ T such that Xt ⊆L.
Then one and only one of the following conditions holds:
(i) C contains a planar subcurve E of degree r; and Xt ⊆〈E〉 for every t ∈ T ;
(ii) Cred contains two skew lines ‘1 and ‘2 such that for every general t ∈ T the
line Xt meets ‘1 and ‘2 and no other components of Cred;
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(iii) C contains a non-planar double line C′ such that for any general t ∈ T the line
Xt is a secant line of C′ and meets no other components of C;
(iv) C is not as in (iii); but it contains a multiple line C′′ with deg(C′′) ≥ 3 and
ged(C′′) ≥ 3; such that for any general t ∈ T the line Xt is a secant line of C′′
and meets no other components of C. Moreover; C′′ is contained in the ;rst
neighborhood of C′′red.
For reduced curves we have the following stronger result which has been proved for
n= 3 in [14]:
Corollary 3.2. Let C be a curve as in Theorem 3:1 and suppose furthermore that C
is reduced. Then C contains a planar subcurve of degree r.
Proof. Since C is reduced cases (ii) and (iii) of Theorem 3.1 cannot occur. Case (ii)
cannot occur either because r ≥ 3.
Now we prove our main result.
Proof. The proof proceeds in several steps that include some lemmas. The starting idea
(borrowed from [14]) is to construct a certain subcurve D⊆C which encodes all the
relevant information concerning the behavior of the family X → T with respect to C,
and then to study Dred.
Step 1. Let G be the Grassmannian of lines in Pn. By the universal property of G
the obvious map * : T → G is a morphism and it is not restrictive to assume that * is
a locally closed embedding. Then we may assume that T is a locally closed subscheme
of G.
Step 2. Now let Hilb2Pn be the Hilbert scheme parameterizing the 0-dimensional
subschemes of degree 2. The following lemma seems to be obvious, but we feel that
it needs a proof.
Lemma 3.3. Let Z :=Hilb2Pn and let G be the Grassmannian of lines in Pn. Then
there is a morphism + : Z → G such that; for every z ∈ Z; +(z) is the line spanned
by the closed subscheme corresponding to z.
Proof. Let Z⊆Z×Pn and G⊆G×Pn be the tautological families and let - :Z→ Z
and . : G→ G be the projections. We have canonically a diagram
Z×Pn G ⊂ (Z × G)× Pn
/



Z × G;
where / := -×Pn . and the projection of /−1(z; g) in Pn is the intersection between the
line corresponding to g and the subscheme of Pn corresponding to z. Moreover, / is
proper and its Kbers are either empty, or have dimension 0 and degree either 1 or 2.
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Therefore, the set
S := {(z; g) | deg/−1(z; g) = 2}
is closed in Z×G and S := /−1(S) is closed in Z×G. Hence, we have the commutative
diagram
S ⊂ Z×Pn G
/|S


 /



S ⊂ Z × G:
Consider in S and S the reduced scheme structures induced by Z×G and Z ×G;
respectively. The projection 1 : S → Z is injective and has reduced Kbers, whence it is
an isomorphism. It follows that S is the graph of the morphism + :Z → G deKned by
the composition Z → 1−1(Z)→ G.
Step 3: First of all we need the following lemma, whose easy proof is omitted.
Lemma 3.4. Let  be a 0-dimensional subscheme of a smooth curve C and let
0¡e ≤ deg. Then  contains only a ;nite number of subschemes of degree e.
Now we develop some preliminaries which will be used in the construction of the
subcurve D.
Let H :=Hilb2C be the relative Hilbert scheme of the 0-dimensional closed sub-
schemes of degree 2 of C (see e.g. [11]). H has the natural structure of a closed
subscheme of Hilb2Pn and we denote again by + the restriction to H of the morphism
+ : Hilb2Pn → G (see Lemma 3.3). We have the following commutative diagram:
where H is the tautological family, p and q are the canonical projections. If h ∈ H ,
then q(p−1(h)) is a 0-dimensional closed subscheme of C of degree 2. Set K :=+−1(T )
and K :=p−1(K)⊂K × C. Observe that if k ∈ K and t :=+(k) ∈ T then q(p−1(k))
is a 0-dimensional subscheme of degree 2 of C which is contained in the line Xt .
By generic Ratness we may assume, after replacing T with a suitable non-empty
open subscheme of T , that the composite morphism + ◦ p :K→ T is Rat.
Claim. Let the notation be as above. Then
(i) the morphism + ◦ p has 0-dimensional ;bers;
(ii) every irreducible component of K has dimension 2;
(iii) every irreducible component ofKred dominates an irreducible component of Cred.
Proof. Let us remark Krst of all that the morphism + :K → T has 0-dimensional Kbers
by Lemma 3.4. Moreover, it is clear that the Kbers of p are 0-dimensional, and (i)
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follows. (ii) follows easily from (i) and the Ratness of +◦p. If (iii) is false, then there
is an irreducible component of Kred mapping to a point of C and it is easy to see
that this contradicts the assumptions on the uniqueness of the secant line in a general
hyperplane.
Step 4: Let us denote again by q the restriction to K of the morphism q :H→ C
considered in Step 3 and let D′ := q(K). By construction of K; we have that dim(D′)=1
and by the claim in Step 3 it follows that dim q−1(x) = 1 for all points x ∈ D′.
Now we take oQ the 0-dimensional components (if any) of the scheme-theoretical
closure of D′ and denote by D the resulting curve.
It is easy to see that D has the following properties:
(i) D is a closed subcurve of C and D′ is a dense open subscheme of D;
(ii) for every x ∈ D′ the set 5x := {t ∈ T | x ∈ Xt} is a locally closed 1-dimensional
subset of T and of G (that is: the lines Xt passing through x form a 1-dimensional
family);
(iii) D is the smallest subcurve of C containing all the subschemes of degree 2 of
Xt ∩ C, for t ∈ T ;
(iv) for general t ∈ T , the line Xt meets all the irreducible components of Dred and
no other components of Cred;
(v) D is contained in the Krst neighborhood of Dred.
Step 5: In this step we prove the following:
Claim. If L is a general hyperplane, then the points of L∩Dred lie on the unique line
Xt contained in L.
Proof. For x general in D, let Vx := q(+−1(5x)) (Vx is the locally closed cone with
vertex x, spanned by the lines Xt passing through x). Put x :=Vx \ Vx. If 5x is the
closure of 5x in G we have Vx = q(+−1(5x)) whence x consists of a Knite number
of lines. When x varies in D, these lines Kll up a Knite number of 1-dimensional
families and it follows that the hyperplanes containing any of these lines depend on
1+n−2=n−1 parameters; hence a general hyperplane L does not contain any of them.
Now put L∩Dred = {P1; : : : ; Pu}. We have that L∩VPi is not just Pi; indeed L∩VPi is
a curve CPi which is not contained in Pi because L contains no lines of Pi , whence
L ∩ VPi is also a curve. It follows that L contains a line Xti through Pi (i = 1; : : : ; u);
but Xt1 = Xt2 = · · ·= Xtu :=Xt , whence L ∩ Dred is contained in the line Xt .
Step 6: As an immediate consequence of Step 5 and Theorem 2.9 we get: if
deg(Dred) ≥ 3, then Dred is planar.
Step 7: We prove the theorem when deg(Dred) ≥ 2.
Let us Krst show the following:
Lemma 3.5. Assume that C contains a planar subcurve C′ of degree ≥ 2. If every
line Xt is a secant line to C′; then C contains a planar curve E of degree r and
Xt ⊆〈E〉 for every t ∈ T .
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Proof. Let E :=1 ∩ C (without embedded points), where 1 = 〈C′〉. If L is a general
hyperplane and Xt is the line of the family contained in L, we have deg(Xt ∩C′) ≥ 2,
whence Xt ⊆ 1. It follows that L∩E=Xt , whence Xt ∩E=Xt ∩ 1∩C =Xt ∩C. Hence
L∩1=Xt ∩E=Xt ∩1∩C=Xt ∩C. Thus deg(E)= r, and E is planar by Theorem 2.9.
From the previous lemma we get the proof of the theorem when Dred contains a
planar curve of degree ≥ 2 (e.g. deg(Dred) ≥ 3, cf. Step 6).
Suppose now that deg(Dred) = 2 and Dred is not planar.
In this case Dred is the union of two skew lines ‘1; ‘2 and for any general t ∈ T the
line Xt meets both ‘1 and ‘2, by the construction of D. Moreover, if F is an irreducible
component of Cred diQerent from ‘1 and ‘2 we have Xt∩F=∅, for otherwise, F ⊆Dred
by the construction of D. This shows that we are in case (ii) of the theorem.
Step 8: Finally, we prove the theorem when deg(Dred) = 1.
If deg(D) = 2 and D is planar we are in case (i) (see Lemma 3.5).
If D is non-planar we are in case (iii).
Let now deg(D) ≥ 3; assume that ged(D)=2 and let D˜⊆D be the unique subcurve
of degree 2 (see Lemma 2.7).
If L is a general hyperplane, by Lemma 2.8 there is only one line ‘⊆L which is a
secant line to D˜; this line is also a secant line to D, whence, being ged(D) = 2, we
must have ‘ = Xt for a unique t ∈ T . Then, as above, we are either in case (i) or in
case (ii).
So the remaining case is deg(D) ≥ 3 with ged(D) ≥ 3 and we are in case (iv), with
C′′ :=D.
This concludes the proof of the theorem.
If char(k)=0 the following proposition shows that case (iii) of Theorem 3.1 cannot
occur.
This proposition is proved in two ways, both needing the characteristic zero assump-
tion.
The Krst proof is based on Hartshorne’s Restriction Theorem as stated in Theorem 2.9.
The second one, based on Bertini’s theorem, is independent of Hartshorne’s Restriction
Theorem and implies such theorem for the case of multiple lines. We feel that this
proof can throw some extra light on the exceptions to it (the so-called Hartshorne’s
lines in positive characteristic).
Proposition 3.6. Let the assumptions be as in Theorem 3:1; and assume further that
char(k) = 0 and that C is a multiple line with ged(C) = 2. Then C contains a planar
subcurve E of degree r and Xt ⊆〈E〉 for every t ∈ T .
Proof. First version. LetC′ be the unique subcurve ofC having degree r (see Lemma 2.7).
Let L be a general hyperplane and let  :=L∩C. Since emdim=1 there is a unique
subscheme of  of degree r. Now, if rL denotes the unique secant line in L we have:
rL ∩C and L∩C′ are subschemes of  having degree r and hence they coincide (see
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Lemma 2.7). This implies that the general hyperplane section of C′ is collinear, and
since char(k) = 0 and deg(C′) = r ≥ 3 we have that C′ is planar (Theorem 2.9).
Second version. First of all, observe that since ged(C) = 2, there exists a surface
S ⊇C such that S is generically smooth along C (see e.g. [3, Proposition 3:7 with s=
n− 2]). The proof will follow from the
Claim. Let Q ∈ C ∩ Sreg and let 1Q be the tangent plane to S at Q. Then 1Q is
constant when Q varies in C ∩ Sreg.
Indeed, taking the claim for granted, let 1 be the tangent plane to S along C and set
E :=1 ∩ C (with 0-dimensional components removed). As in the proof of Lemma 3.5
we see that deg(E) = r and E is the curve we were looking for.
Proof of the claim. We argue by contradiction, assuming that 1Q varies as Q varies
in C ∩ Sreg.
First of all, notice that there cannot be only a Knite number of distinct such planes.
Indeed they must contain the 2-dimensional family of r-secants lines and these lines,
having intersection multiplicity at least 2 with S along C, are tangent to S, that is
they are contained in a pencil in each 1Q. Hence, if the planes 1Q vary with Q, they
must be ∞1. Now let us denote by : the linear system of hyperplanes through Cred:
every hyperplane of : contains at least one 1Q, hence it is tangent to S. Moreover,
for every Q ∈ Cred ∩ Sreg the general hyperplane of : does not contain 1Q, hence it
is not tangent to S at Q. Let us denote by ;′ the linear system of curves cut out on
S by :, and by ; the linear system obtained from ;′ by removing Cred. We observe
that a point Q ∈ Sreg ∩ C is singular for the curve <′ =M ∩ S where M ∈ : if and
only if 1Q ⊂M . Hence, a general Q ∈ Sreg ∩ C is singular for some <′ ∈ ;. Now let
P ∈ Cred be a general point; since the general hyperplane M ∈ : is not tangent to S
at P, then the corresponding curve in ;′ is smooth at P, whence the residual curve in
; does not contain P. It follows that P is not a base point for ;, hence, the general
curve < ∈ ; is smooth at all points except at most at C ∩ Ssing by Bertini’s theorem. It
follows that <′ :=<∪Cred =M ∩S has multiplicity exactly 2 at the points Q ∈ C ∩Sreg
where L is tangent to S. But this is impossible, because if M is a general hyperplane
and P :=M ∩ Dred we have L ∩ < ∩ S ⊇ rL ∩ C, whence deg(L ∩ < ∩ S) ≥ r ≥ 3, a
contradiction. Hence 1Q is constant, as claimed.
Remark 3.7. Let C be a curve as in Theorem 3.1 which does not contain a planar
subcurve. Then the “secancy” of the family of lines is necessarily either on two skew
lines contained in C or in a multiple line contained in C.
In the last case when char(k)=0 the multiple line has generic embedding dimension
at least 3.
We end up this section with some remarks and examples, to illustrate the role of
our assumptions in the previous statements and to show that all cases described in
Theorem 3.1 can really occur.
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Remark 3.8. The assumption on the characteristic is necessary in Proposition 3.6. In-
deed, Hartshorne has shown in [5] that in positive characteristic there are non-degenerate
multiple lines in P3 of any given degree having degenerate general hyperplane section.
Remark 3.9. The assumption on the uniqueness of the r-secant line Xt in every general
hyperplane L in Theorem 3.1 cannot be dropped. For example, let D⊆Pn (n ≥ 3) be
a non-degenerate smooth connected curve with ideal sheaf I, and let C be the curve
corresponding to the ideal I2. The 2-secant lines of D form a 2-dimensional family
of 4-secant lines of C, but C cannot contain any planar subcurve, nor any curve as in
(ii)–(iv) in Theorem 3.1. On the other hand a general hyperplane L contains d := deg(D)
distinct points of D, no three on a line, whence the above mentioned assumption
is not satisKed, because every line joining two such points is a 4-secant to C and
lies in L.
Example 3.10. We show that cases (ii)–(iv) in Theorem 3.1 can actually occur.
(1) Let (a; b; c; d) be homogeneous coordinates in P3 and let C be the curve corre-
sponding to the homogeneous ideal I := (a; b)∩ (c; d)2. Then deg(C) = 4 and Cred
is the union of the two skew lines ‘1 and ‘2 corresponding, respectively, to the
homogeneous ideals (a; b) and (c; d). It is easy to see that every line spanned
by a point in ‘1 and a point in ‘2 is a trisecant line for C. Then C admits a
2-dimensional irreducible family of 3-secant lines, but obviously it does not con-
tain any plane curve of degree 3. The assumptions of Theorem 3.1 being veriKed,
we are in fact in case (ii) of Theorem 3.1.
(2) Let C′ be a non-planar double line. Then by Lemma 2.8 and [1, proof of Step 3,
p. 703], the secant lines of C′ form an irreducible 2-dimensional family. It is clear
that there are many curves C containing C′, with Cred = C′red, such that every
secant line to C′ is an r-secant line to C for r ≥ 3. The easiest examples are the
locally Cohen–Macaulay curves corresponding to powers of the ideal sheaf IC′
(by removing the embedded points). These curves are examples for case (iii).
(3) Let char(k) = 0. Consider in Pn two skew lines ‘, ‘′ and let C be the second
neighborhood of ‘ (i.e. IC := I 3‘ ). Let X → T be the family of lines joining ‘ and
‘′. Then Xt is a 3-secant line of C. On the other hand if C′ is a subcurve of C of
degree 2, the general line Xt is not a secant line of C′, for otherwise the curve
C′ ∪ ‘′ had degree 3 and collinear general hyperplane section, whence it were a
plane curve by Theorem 2.9, a contradiction. Then we are in case (iv) of Theo-
rem 3.1. Notice that the lines Xt are secant lines to the curve C˜= ‘∪ ‘′ of degree
2, and C˜ * C (hence, we are not in case (ii) of Theorem 3.1).
The following remark describes the family {Xt} in cases (iii) and (iv) of
Theorem 3.1.
Remark 3.11. Let C be a curve satisfying (iii) (resp. (iv)) of Theorem 3.1, and let
‘ :=C′red (resp. ‘ :=C
′′
red).
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Then there are a surface scroll 1 : S → B, where B is an open set of P1, and a
rational map + : ‘ → B with the following property: every line Xt is the span of a
point P ∈ ‘ and a point Q ∈ 1−1(+(P)).
Indeed, the lines of the family {Xt} passing through a Kxed general point P ∈ ‘ span
a plane 1P which moves in a 1-dimensional family (for otherwise we are in case (i)).
The planes 1P are the Kbers of a (not necessarily complete) 3-dimensional rational
scroll Y . Let S :=H ∩ Y , where H is a general hyperplane. Then S is a surface scroll
as required (we leave the details to the reader).
4. Applications
In this section, we give criteria which ensure that a curve C contains a planar
subcurve.
The general idea is that if C has a 2-dimensional family of r-secants and r is
su5ciently large, then (ii)–(iv) of Theorem 3.1 cannot occur.
We begin with two technical lemmas on multiple lines, which will be needed later on.
Lemma 4.1. Let C be a multiple line with ged(C) = 2. Let ‘ = Cred be a line
meeting C at a point x such that emdimx(C) = 2 and put q := deg(‘ ∩ C). If C′⊆C
is a subcurve of degree d′; then deg(‘ ∩ C′) = min{q; d′}.
Proof. Let L be a general hyperplane through ‘ and let E⊆C be the subcurve cor-
responding to C′ ∩ L (see Lemma 2.7): we have ‘ ∩ C′⊆ ‘ ∩ C = ‘ ∩ E = L ∩ E. If
d′ ≤ q we have C′⊆E by Lemma 2.7, hence ‘∩C′= ‘∩E ∩C′=L∩E ∩C′=L∩C′
whence deg ‘∩C′=d′. If d′¿q then E⊆C′. But ‘∩C′⊆ ‘∩C = ‘∩E= L∩E and
‘ ∩ C ⊇ ‘ ∩ C′⊇ ‘ ∩ E = ‘ ∩ C. It follows ‘ ∩ C = ‘ ∩ C′ and deg ‘ ∩ C′ = q.
Lemma 4.2. Let C ⊆Pn be a multiple line of degree d; and let X → T be a family
of r-secant lines with the property that for every general hyperplane L⊆Pn there
exists a unique t ∈ T such that Xt ⊆L. Let q be a positive integer and assume that
2r ≥ d+ q. Then C contains a subcurve C′ of degree q with ged(C′) = 2; such that
deg(Xt ∩ C′) ≥ min{r; q} for general t ∈ T .
Proof. For a general hyperplane L let rL be the unique line in the family X → T
contained in L. Let : be a general pencil of hyperplanes and let C′⊆C be the unique
subcurve such that rL ∩ C = L ∩ C′ for L general in + (see [1,12]). Then deg(C′) = r
and ged(C′) = 2, because C′ has a hyperplane section with embedding dimension 1.
Now let L be a general hyperplane. Since 2r ≥ d+ q, by Lemma 2.6 we have
deg(rL ∩ C′) = deg[(rL ∩ C) ∩ (L ∩ C′)]
≥ deg(rL ∩ C) + deg(L ∩ C′)− deg(L ∩ C)
= r + r − d ≥ q:
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The conclusion follows by Lemma 4.1 applied to C′, with ‘ = rL.
Proposition 4.3. Assume char(k)=0. Let C ⊆Pn be a curve of degree d ≥ 3; and let
X → T be an irreducible 2-dimensional family of r-secant lines with r ≥ (d + 3)=2.
Then C contains a unique planar subcurve E of degree r and Xt ⊆〈E〉 for every t ∈ T .
Proof. We show Krst that a general hyperplane L⊆Pn contains at most one line of the
family. Indeed let ‘1 and ‘2 be two lines in the family contained in L. Put i := ‘i ∩
C ⊆L ∩ C for i = 1; 2. By Lemma 2.6 we have
deg(1 ∩ 2) ≥ deg(1) + deg(2)− deg(L ∩ C) = 2r − d ≥ 3
It follows that ‘1 ∩ ‘2 contains a subscheme of length ≥ 3, hence ‘1 = ‘2.
Let now R⊆T × (Pn)∗ be the reduced closed subscheme whose closed points are
{(t; L) |Xt ⊆L}, and let p :R → T and q :R → (Pn)∗ be the projections. Since the
Kbers of p have dimension n− 2 we have dim R= n, hence q is dominant because its
Kbers have non-positive dimension, as we have seen above. Since q(R) is constructible
by Chevalley’s Theorem, it contains a non-empty open set. Then a general hyperplane
contains exactly one of the lines Xt , whence it is su5cient to show that none of the
cases (ii)–(iv) of Theorem 3.1 can occur.
Assume Krst that we are in case (ii). Then there are two skew lines ‘1 and ‘2,
contained in C, such that for general t the line Xt meets ‘1 and ‘2 and no other
component of Cred. We may assume that Cred =‘1∪‘2 and we seek for a contradiction.
We have C=C1∪C2, where the support of Ci is ‘i. Set di := deg(Ci) and ri := deg(Xt∩
Ci) for general t ∈ T . If 2r1 ≥ d1 + 2 by Lemma 4.2 applied to C1, there exists a
subcurve E⊆C1 of degree 2 such that Xt is a secant line to E for general t ∈ T .
But this implies that the general hyperplane section of the degree 3 curve E ∪ ‘2 is
collinear, whence such a curve is planar by Theorem 2.9, a contradiction. The same
argument works if 2r2 ≥ d2 + 2, hence we must have 2r1 ≤ d1 + 1 and 2r2 ≤ d2 + 1,
whence 2r = 2(r1 + r2) ≤ d1 + d2 + 2 = d+ 2, a contradiction.
Now assume that one of the remaining cases occurs. As above we may assume that
Cred = ‘ is a line. Then by Lemma 4.2 there is a subcurve C′⊆C with deg(C′) = r
and ged(C′) = 2 such that deg(Xt ∩ C′) ≥ min{r; 3}= 3. Then by Proposition 3.6, C′
contains a planar subcurve E of degree ≥ 3 and all the lines Xt lie in the plane 〈E〉,
a contradiction.
Hence, the required planar subcurve exists by Theorem 3.1, and is unique by an
obvious degree argument.
The next statement is Theorem 1.2 of the introduction.
Corollary 4.4. Assume char(k)= 0. Let C ⊆Pn be a non-degenerate curve of degree d.
Assume that for every general hyperplane L the section L ∩ C contains a subscheme
of degree r ≥ (d + 3)=2 spanning a line; and contains no collinear subschemes of
larger degree. Then C contains a unique planar subcurve E of degree r.
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Proof. By assumption a general hyperplane L contains an r secant line, which is
unique by Lemma 2.6 (see proof of Proposition 4.3). Denote this r-secant by ‘L. By
the argument used in [1, see Step 3 in the proof of 1.3, p. 703] the lines ‘L move in an
irreducible 2-dimensional family, hence, we can apply Proposition 4.3. The conclusion
follows.
Remark 4.5. (1) In Corollary 4.4 the assumption r ≥ (d+3)=2 is necessary, as follows
from Example 3.10(1), with r = 3 and d= 4. Consider also the case r = 4; d= 6 and
the curve corresponding to the homogeneous ideal (a; b)2 ∩ (c; d)2.
We do not know if there are counter-examples for every n, d and r.
(2) In Corollary 4.4 the assumption on the characteristic is also necessary; indeed
consider in P3 the union of a Hartshorne line of degree d−1 and a reduced line, skew
to it.
The next result will allow to apply Corollary 4.4 by looking at the Hilbert function
of the general hyperplane section of C. We denote the Krst diQerence of the Hilbert
function of a subscheme X by ThX .
Lemma 4.6. Let Z ⊂Pn−1 (n ≥ 3) be a 0-dimensional subscheme. Suppose there is
an integer r such that
ThZ(r − 2) = ThZ(r − 1) = 1:
Then Z contains a subscheme Z ′ of degree ≥ r spanning a line. Moreover; the degree
of Z ′ equals r if and only if ThZ(r) = 0.
Proof. The proof uses the same arguments as the proof of Proposition 3:3 in [1]. Thus
we give here an outline only and refer to [1] for the details.
Let J be the ideal generated by the forms of degree ≤ r − 2 contained in the
homogeneous ideal IZ of Z . The assumption on ThZ implies that ThZ has maximal
growth in degree r − 2. It follows that J deKnes a subscheme, which is the union of
a line l and a 0-dimensional scheme, and that there is an integer s ≥ r such that
ThZ(j) = 1 if r − 2 ≤ j¡ s and ThZ(s) = 0:
This growth condition implies that IZ does not have a minimal generator of degree j
with r− 1 ≤ j¡ s but does have a minimal generator of degree s. The intersection of
l and a general hypersurface of degree s containing Z gives the required 0-dimensional
subscheme of Z .
Corollary 4.7. Assume char(k) = 0. Let C ⊆Pn be a curve of degree d with general
hyperplane section . If there is an integer r ≥ (d + 3)=2 such that Th(r − 2)
= Th(r − 1) = 1 and Th(r) = 0; then C contains a unique planar subcurve of
degree r.
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Proof. Combine the two previous statements.
Remark 4.8. Let C ⊂Pn be a curve of degree d and genus g with non-degenerate
general hyperplane section. For such a curve upper bounds for the Rao function
*C(j) := h1(JC(j)) have been shown in [1, Theorem 2:1]. These bounds are sharp. In
fact, there are curves where the bound it attained for all integers j. Such curves are
called extremal curves. They have to admit planar subcurves of large degree.
Corollary 4.9. Assume char(k) = 0. Let C ⊂Pn be an extremal curve of degree d ≥
2n− 1. Then C contains a unique planar subcurve of degree d− n+ 2.
Proof. The proof of Proposition 2:1 in [1] shows that the Hilbert function of the
general hyperplane section  satisKes
1 = Th(d− n) = Th(d− n+ 1) =Th(d− n+ 2) + 1:
Thus, we conclude by Corollary 4.7.
Remark 4.10. (1) In [10] it is shown that the conclusion of Corollary 4.9 holds under
weaker assumptions, namely d ≥ n+1 and the Rao function is extremal in non-negative
degrees.
On the other hand, there are non-degenerate curves of degree 5 in P4 whose general
hyperplane section contains a collinear subscheme of degree 3 but not containing pla-
nar subcurves of degree 3 (see Remark 4.14). According to [10] these curves cannot
have extremal Rao function in non-negative degrees. This discussion leads to believe
that the existence of planar subcurves can depend on the cohomology and not only
on the general hyperplane section. We feel that this point of view should be further
investigated.
(2) Ellia [2] (cf. also [8]) has shown that the converse of Corollary 4.9 is true for
space curves. However, it follows from the work in [10] that the converse is not true
if n ≥ 4.
(3) Several authors have proved optimal bounds for the Rao functions of space
curves which contain a planar subcurve of large degree r: if r = d − 1 (the case of
extremal curves) this is done in [6], if r = d− 2 the bounds are given in [8] and the
general case is studied in [9].
The next statement focuses on the case r = d− 1.
Proposition 4.11. Assume char(k)=0. Let C ⊆Pn (n ≥ 4) be a non-degenerate curve
of degree d ≥ 4 such that for every general hyperplane L the section L∩C contains
a subscheme of degree d− 1 spanning a line. Then C contains a planar subcurve E
of degree d − 1; with the following exception: C is a multiple line with deg(C) =
4; ged(C) = 3.
This result allows us to Kll a gap in the proof of the Restriction Theorem 1:3 in [1].
In fact the proof uses [1, Lemma 1:9]. which is false. The next corollary is a corrected
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version of Theorem 1:3 in [1]. Its proof can be obtained by combining the old proof
and Proposition 4.11.
Corollary 4.12. Let C ⊂P4 be a non-degenerate curve of degree d over a ;eld of
characteristic zero. Assume that either d ≥ 5 or d = 4 and C is not a multiple line
with ged(C) = 3. Then the general hyperplane section of  is non-degenerate if and
only if C does not contain a planar subcurve of degree d− 1.
Now, we prove Proposition 4.11.
Proof. We distinguish 3 cases:
Case 1: d ≥ 5.
The proof follows from Corollary 4.4, with r = d− 1.
Case 2: d= 4 and degCred ¿ 1.
We apply Theorem 3.1. Assume we are in case (ii) of Theorem 3.1 and let H be
the hyperplane spanned by the two skew lines. Set C′ :=C ∩ H . Then every line Xt
is contained in H , whence deg(C′) ≥ (Xt ∩ C′) = 3, for general t. On the other hand,
C′ = C, because C is non-degenerate, whence deg(C′)=3. Moreover, if L is a general
hyperplane, we have L ∩ C′ = rL ∩ C′, where rL is the unique r-secant line contained
in L. Therefore C′ is planar by Theorem 2.9. This is a contradiction.
Assume we are in case (iii) or (iv) of Theorem 3.1. Then C = C1 ∪ C2, where C1
is a multiple line and Xt meets C1 but not C2 for general t ∈ T . It follows that C1
has degree 3 and its general hyperplane section is collinear, whence C1 is planar by
Theorem 2.9, again a contradiction.
Case 3: d= 4 and deg Cred = 1.
If L is a general hyperplane, then the 0-dimensional scheme L∩C has a subscheme
of length 3 spanning a line; therefore 〈L ∩ C〉 is a plane, whence for x :=L ∩ Cred we
have emdimx(L ∩ C) ≤ 2.
It follows ged(C) ≤ 3. If ged(C) = 2 the conclusion follows from by Proposition 3.6.
Then if the conclusion is false we are in the exceptional case of our claim.
Remark 4.13. We want to show that for n=4 the exceptional case of Proposition 4.11
can actually occur.
We Kx an a5ne chart with coordinates x; y; z; t and we identify a hypersurface with
one of the polynomials deKning it. Let ‘⊆P4 be the line having a5ne equations
x = y = z = 0, and let
F(x; y; z; t) := xf1(t) + yf2(t) + zf3(t);
G(x; y; z; t) := xf′1(t) + yf
′
2(t) + zf
′
3(t);
where f1(t); f2(t); f3(t) are polynomials in t only (to be chosen as described below)
and ′ means derivative.
Note that F and G are two hypersurfaces containing ‘, whence S :=F ∩ G is a
surface containing ‘.
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We choose f1(t); f2(t); f3(t) so that S is smooth at a general point of ‘ and more-
over the tangent planes to S at general points of ‘ span P4.
Note that the tangent plane of S at the point (0; 0; 0; t0), if it exists, has equations
F(x; y; z; t0) = G(x; y; z; t0) = 0.
Consider now the ideals I1 := (x; y; z)2 + (F) and I2 := (x; y; z)3 + (F;G) and let
Xi⊆P4 be the subscheme deKned by Ii (i = 1; 2), which are multiple structures on ‘
plus some embedded points. Taking a general hyperplane section (and working in a5ne
coordinates) it is easy to see that deg(X1) = deg(X2) = 3. The scheme X :=X1 ∪ X2
is determined by the ideal I := I1 ∩ I2 = (x; y; z)3 + (F; xG; yG; zG), and the scheme
Y :=X1 ∩ X2 is deKned by the ideal J := I1 + I2 = (x; y; z)2 + (F;G). Hence, it follows
deg(Y ) = 2 and, by Lemma 2.6 applied to a general hyperplane section, we have that
deg(X ) = 4.
Now we denote by C1, C2, C and D, respectively, the curves obtained from X1,
X2, X and Y by removing the embedded points. By the above we have: deg(C) = 4,
deg(C1) = deg(C2) = 3, deg(D) = 2, ged(C1) = ged(C) = 3, ged(C2) = ged(D) = 2.
Moreover, the secant lines to D at a general point P ∈ ‘ span the tangent plane 1P
of S at P and then by our choice of the polynomials f1; f2; f3 it follows that these
secant lines span P4, whence D spans P4. It follows that the curves D, C1, C2, C are
non-degenerate.
Now let L = t − (ax + by + cz + d) be a general hyperplane. Then P :=L ∩ ‘ has
coordinates (0; 0; 0; d) and, since P is non-embedded in X , the scheme  :=L ∩ C is
deKned by the ideal I+(L)=(x; y; z)3+(F; xG; yG; zG; L). A straightforward calculation
shows that xf1(d)+yf2(d)+zf3(d) ∈ I+(L), whence, the general hyperplane section
of C is degenerate. Then, C admits a 2-dimensional family of 3-secant lines and every
general hyperplane contains exactly one of them (see [1, 1.4(iii)]).
Every 3-secant line of C is also a secant line to D. Indeed by Lemma 2.6 we have
deg(‘ ∩ C2) ≥ 2, hence ‘ is secant to C2; now since ged(D) = 2 by Lemma 2.8 it
follows that if L is a general hyperplane, then L must contain a unique secant ‘′ to D.
So we have that ‘′ is also secant to C2, but since ged(C2)=2 by Lemma 2.8 it follows
that ‘′ = ‘.
The considerations above show that the trisecant lines span P4 and that C cannot
contain any planar subcurve of degree 4.
To get a concrete example take for instance f1 = t3, f2 = t2, f3 = t. Direct calcula-
tions using MACAULAY give the following (in projective coordinates x; y; z; t; w, and
denoting by IC the saturated homogeneous ideal of the curve C):
(i)
IC = (y2 − 4xz; 2xzt + yzw; yzt + 2z2w; 2x2t + xyw;
xyt + 2xzw; xt2 + ytw + zw2; z3; yz2; xz2; xyz; x3; x2y; x2z):
(ii) If H = x + y + z − t + w then H contains the 3-secant line of C,
rH : x + y + z = t − w = y + 2z = 0:
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(iii) If L= x − y + z − t + 2w then L contains the 3-secant line of C,
rL : 9x − t + 2w = 9y + 4t − 8w = 9z − 4t + 8w = 0:
(iv) The lines rH and rL are skew.
Remark 4.14. (1) In Example 3.10(1) we have constructed a curve C ⊆P3 of degree 4,
whose support is the union of two skew lines and whose general hyperplane contains
a 3-secant line of C. Thus Proposition 4.11 is false for n=3 and d=4. Note that for
n ≥ 4 examples of this kind (i.e. with deg(Cred)¿ 1) cannot occur.
(2) If C is a general projection in P3 of one of the curves constructed in Remark 4.13,
we have again that C is supported on a line and this provides another counterexample
to Proposition 4.11 for n= 3 and d= 4.
(3) If we add a general reduced line to one of the multiple lines constructed in
Remark 4.13 we get a non-degenerate curve of degree 5 in P4 whose general hyper-
plane section contains a collinear subscheme of degree 3, but not containing any planar
subcurve of degree 3. Compare with Corollary 4.4.
Remark 4.15. In [13] Strano studies a somewhat related problem. Let J be the sat-
urated ideal of the general hyperplane section  of C. He supposes that there is a
positive integer s such that Js and Js+1 have a greatest common divisor F of degree
e¿ 0. His main result is that then C contains a subcurve whose general hyperplane
section is  ∩ V (F). This result implies, with e = 1, Corollary 4.7 in case n = 3.
This follows from some standard calculations on the Hilbert function of the general
hyperplane section. However Strano’s result does not give Corollary 4.7 if n¿ 3.
Example 3.10(1) and the example given in Remark 4.5 show that it is in general
not su5cient to assume only the existence of a greatest common divisor of Js, but is
su5cient for reduced curves (cf. [13, Theorem 4] and also Corollary 3.2).
Acknowledgements
During the preparation of this paper the authors were also partially supported by the
University of Paderborn and the Politecnico di Torino. They thank these institutions
for their hospitality.
The authors wish also to thank the referee for the careful and helpful reading of the
paper.
References
[1] N. Chiarli, S. Greco, U. Nagel, On the genus and Hartshorne–Rao module of projective curves, Math.
Z. 229 (1998) 695–724.
[2] Ph. Ellia, On the cohomology of projective space curves, Boll. Un. Mat. Ital. (7) 9-A (1995)
593–607.
364 N. Chiarli et al. / Journal of Pure and Applied Algebra 164 (2001) 345–364
[3] S. Greco, P. Valabrega, On the singular locus of a general complete intersection through a variety in
projective space, Boll. Un. Mat. Ital., Algebra e Geometria, Ser. IV, II (1983) 113–145.
[4] R. Hartshorne, Algebraic Geometry, Springer, Berlin, 1977.
[5] R. Hartshorne, The genus of space curves, Ann. Univ. Ferrara Sez. VII Sc. Mat. 40 (1994) 207–223
1996.
[6] M. Martin, Deschamps, D. Perrin, Sur les bornes du module de Rao, C.R. Acad. Sci. Paris 317 (1993)
1159–1162.
[7] M. Nagata, Local Rings, Interscience, New York, 1962.
[8] S. Nollet, Subextremal curves, Manuscripta Math. 94 (1997) 303–317.
[9] R. Notari, I. Sabadini, On the cohomology of a space curve containing a plane curve, Comm. Algebra,
in preparation.
[10] R. Notari, M.L. SpreaKco, On curves of Pn with extremal Hartshorne–Rao module in positive degrees,
J. Pure Appl. Algebra 156 (2001) 95–114.
[11] E. Sernesi, Topics on Families of Projective Schemes, Queen’s Papers in Pure and Applied Mathematics,
Vol. 73, 1986.
[12] R. Strano, On generalized Laudal’s lemma, in: Complex Projective Geometry, Proceedings of the
Trieste-Bergen, London Mathematical Society Lecture Notes Series, vol. 179, 1992, pp. 284–293.
[13] R. Strano, Curves and their hyperplane sections, Preprint, 1998.
[14] G. Tedeschi, The genus of reduced space curves, Rend. Sem. Mat. Univ. Pol. Torino 56 (1998) 81–88.
